Abstract. We computeétale cohomology groups H í et (X, Gm) in several cases, where X is a smooth tame Deligne-Mumford stack of dimension 1 over an algebraically closed field. We have complete results for orbicurves (and, more generally, for twisted nodal curves) and in the case all stabilizers are cyclic; we give partial results and examples in the general case. In particular, we show that if the stabilizers are abelian then H 2 et (X, Gm) does not depend on X but only on the underlying orbicurve and on the generic stabilizer.
Introduction
A classical theorem of Tsen states that a function field K of dimension 1 over an algebraically closed field is quasi-algebraically closed (Theorem 2.4). As a consequence, theétale cohomology groups H ŕ et (Spec K, G m ) vanish for r ≥ 1 (Corollary 2.3). Combining this result withétale cohomology techniques, Milne showed that, for a connected smooth curve C over an algebraically closed field, H ŕ et (C, G m ) vanishes for r ≥ 2 ( [8] , III.2.22(d)).Étale cohomology in low degree with coefficients in G m can be interpreted geometrically. It is well-known for a scheme X that H 1 et (X, G m ) ∼ = Pic(X) ( [8] , III.4.9). Moreover, for a smooth variety X over a field, H 2 et (X, G m ) is isomorphic to the Brauer group Br(X) ( [8] , IV.2.15). It follows that computing the groups H ŕ et (X, G m ) contributes to a better understanding of geometric properties of X. As an example, the vanishing of H 2 et (X, G m ) implies that every gerbe over X banded by a finite group (of order not divided by the characteristic of the base field) is obtained as a finite number of root constructions ( [4] ). More in general, once we know H ŕ et (X, G m ), we can use Kummer sequence to compute H ŕ et (X, µ n ), for all n not divided by the characteristic of the base field.
In this paper we study the groups H ŕ et (X, G m ) where X is a connected smooth tame DeligneMumford stack of dimension 1 over an algebraically closed field k. Such an X admits a natural map X → C to its coarse moduli space, which is a connected smooth curve over k; moreover the map X → C factors via anétale gerbe X → Y , where Y is an orbicurve ( [1] , Appendix A).
We generalize to algebraic stacks theétale cohomology techniques used by Milne and we obtain a description of the groups H ŕ et (X, G m ) (Theorem 4.10). In particular, we show that if the stabilizers are abelian then H 2 et (X, G m ) depends only on the orbicurve Y and the generic stabilizer, not on the structure of the gerbe X → Y (Proposition 4.12). This result suggests to investigate two special cases: when X = Y is an orbicurve (Corollary 4.15) and when the gerbe X → Y is trivial (Proposition 6.1). The cohomology of orbicurves, and more in general of twisted nodal curves, has been described in [5] , Theorem 3.2.3. We include it for completeness, since we give a different proof (Proposition 5.2). We show that, for a twisted nodal curve Y , the vanishing of H 2 et (Y, G m ) implies that every G-gerbe over Y banded by a finite group G (of order not divided by char k), can be obtained as a finite number of root constructions (Section 5.1). This fact has been used in [3] and [5] to study the moduli stack of twisted stable maps and the associated Gromov-Witten invariants. Finally, we show with two examples that, in general, the higher cohomology groups H ŕ et (X, G m ) cannot be computed knowing only the base of the gerbe X → Y and the banding group (Section 7).
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Notations. We write Br(K) for the Brauer group of a field K. With the word stack we always mean a Deligne-Mumford algebraic stack in the sense of [6] . All stacks are assumed to be separated and of finite type over the base field. For the notion of tame stack see [1] . An orbicurve is a stack of dimension 1 with trivial generic stabilizer. We denote by O sh S,x the strictly Henselian local ring of a scheme (or an algebraic stack) S at a geometric point x → S. We denote by µ n the sheaf defined by the group scheme Spec Z[t] /(t n − 1).
Preliminaries
We recall a few classical theorems about quasi-algebraically closed fields and cohomology of finite abelian groups (for more details see [10] , chapter IV, and [11] , chapter VI).
Definition.
A field K is quasi-algebraically closed if every non constant homogeneous polynomial f (x 1 , . . . , x N ) of degree d < N with coefficients in K has a non-trivial zero in K.
Proposition ([10], IV.3 Corollary 1)
. Let K be a quasi-algebraically closed field and let G denote the absolute Galois group Gal( Ks /K), where K s is a separable closure of K. Then (1) Br(K) = 0; (2) H r (G, T ) = 0 for r ≥ 2 and for all discrete torsion G-modules T ; (3) H r (G, M ) = 0 for r ≥ 3 and for all discrete G-modules M .
2.3.
Corollary. Let K be a quasi-algebraically closed field. Then H ŕ et (Spec K, G m ) = 0 for r ≥ 1. Proof. By [8] , III.1.7 and Proposition 2.2,
2.4. Theorem ( [10] , IV.3 Theorem 24). Let K be a function field of dimension 1 over an algebraically closed field k. Then K is quasi-algebraically closed.
2.5. Theorem ( [10] , IV.3 Theorem 27). Let K be the field of fractions of an Henselian discrete valuation ring R with algebraically closed residue field. LetK be the completion of K, and assume that K ⊂K is a separable field extension. Then K is quasi-algebraically closed.
2.6. Remark. The separability condition in Theorem 2.5 holds in the case R = O sh X,x , with X a scheme of finite type over a field ([8] , III.2.22(b)).
2.7. Theorem ( [11] , Theorem 6.2.2). Let G = Z /dZ and let A be a discrete G-module. Then
where N G : A → A is the norm N G (a) = g∈G ga, A G is the set of elements in A fixed by the G-action, and I G A is the subgroup of A generated by elements (ga − a), with a ∈ A and g ∈ G.
2.8. Corollary. Let G be a finite cyclic group acting trivially on Z, then
2.9. Lemma. Let G be a finite group and let (J • , d) be a cochain complex of abelian groups on which G acts trivially. Then, for p ≥ 0, q ≥ 1 and r = 2, . . . , q + 1, the following map is zero
Proof. Let assume r = 2. The map Φ p,q 2 is defined as follows. Let ξ ∈ H p (G, H q (J • )), then ξ is the class of a cycle f :
If we denote by d G the boundary map for the group cohomology, then we have
If we require d G (f ) = 0, then we get a linear system of n p+1 equations of the form
in the indeterminates x g g = (g 1 , . . . , g p ) ∈ G p , where n is the order of G. Since d G (f ) = 0, there exists a solution of these equations in H q (J • ). In particular there is a set I of indeterminates whose values can be chosen freely, and the values of the others are determined by (1). If I = ∅ then there is only the trivial solution. Notice that π preserves relations (1). Hence we can assign values z g ∈ Z p (J • ) to the indeterminates in I so that π(z g ) = f (g). Then, using equations (1), we find a solution z g ∈ Z p (J • ) of the system (1). It follows that the mapf defined byf (g) = z g is a lifting of f such that
which is a lifting of ϕ. Hence we can take ν ϕ = d G (ρ) and we have
Setting
Let X be a connected smooth tame Deligne-Mumford stack of dimension 1 over an algebraically closed field k. Let η be the generic point of X and let g : η → X be the inclusion. We denote by G 0 the generic stabilizer. Moreover if σ is a closed point of X with stabilizer G σ , we write σ : σ → X for the inclusion and we denote by X(k) the set of closed points of X. Let C be the coarse moduli space of X, we denote by π : X → C the natural map.
We begin with some general remarks on the stack X and its coarse moduli space.
3.1. Proposition. The coarse moduli space C is a connected smooth curve over k.
Proof. Since X is connected and π is surjective, also C is connected. Moreover, there exists ań etale cover of C consisting of schemes of the form U /G, where U is a smooth affine scheme of dimension 1 over k and G is a finite group of order not divided by char k ([1], Theorem 3.2). By [8] , Proposition I.3.24, locally in theétale topology, there exists a linearization of the action of G on U . In particular G ⊂ k * is a finite subgroup, hence G = µ n . It follows that, locally in theétale topology,
, which is smooth of dimension 1.
Theorem ([8], III.2.22(d)
). Let C a smooth curve over an algebraically closed field. Then 3.4. By Theorem 3.3, X is anétale gerbe over an orbicurve Y . It is known that Y is obtained from its coarse moduli space C by applying a finite number of root constructions. Explicitly, there exist distinct points p 1 , . . . , p N ∈ C(k) and integers
. . , N (for details on the root construction see [4] ). Let Σ = {σ 1 , . . . , σ N } be the set of closed points of X corresponding to p 1 , . . . , p N ∈ C(k). Then G σ = G 0 for σ ∈ X(k), σ / ∈ Σ, and Gσ l/G0 = Z /dlZ for l = 1, . . . , N .
3.5. Proposition. Let Spec K be the generic point of C, then η = Spec K × BG 0 .
Proof. By Theorem 3.3, the stack X is a gerbe over Y banded by G . Let G η be the sheaf over Spec K induced by G . Notice that η = Spec K × Y X, hence η → Spec K is a G η -gerbe banded by G η . Recall that such gerbes are classified by H 2 et (Spec K, Z ), where Z is the center of G η ( [7] , IV.5.2). Let Gal( Ks /K) be the absolute Galois group of K, then there is an isomorphism
, where the limit is taken over all subfields L ⊂ K s that are finite over K ( [8] , III.1.7). Notice that M is a torsion module, hence, by Proposition 2.2, H r (Gal( Ks /K), M ) = 0 for r ≥ 2. In particular H 2 et (Spec K, Z ) = 0. 3.6. Remark. The action of G 0 over K * is trivial, since the sheaf G m,η comes from the sheaf G m,Spec K (which is equivariant under the action of G 0 ). It follows that π η * G m,η = G m,Spec K , where π η : η → Spec K is the natural morphism. Similarly, for σ ∈ X(k), the action of G σ over Z is trivial and π σ * Z = Z, where π σ : σ → Spec k.
The Weil-divisor exact sequence
Throughout this section we will use the notations of Section 3.
4.1. Proposition. There exists an exact sequence of sheaves on X (with theétale topology)
α and β are defined as follows: if W f − → X is anétale morphism from a connected scheme and R(W )
is the ring of rational functions on W , then Γ(W, G m )
where v w is the discrete valuation on R(W ) induced by O W,w .
Proof. If W is a scheme as in the statement, then it is normal and regular. Moreover
Therefore α(W, f ) and β(W, f ) are well-defined. If Y g − → X is an otherétale morphism from a scheme, we form the fiber product h : Y × X W → X. Then the maps induced by restrictions on Y × X W by α(W, f ) and α(Y, g) coincide with α(Y × X W, h). A similar argument holds for β. It follows that α and β are well-defined.
Recall that the exactness of a sequence of sheaves on a stack can be checked on stalks at geometric points. Let x x − → X be a geometric point and let f : U → X be anétale morphism from a smooth connected curve, such that x farctors through f . Then
where A = O sh U,x (note that A is a discrete valuation ring), Q(A) is its field of fractions, the morphism g U : η U → U is the inclusion of the generic point of U (since g is an open immersion and U is irreducible, we obtain U × X η = η U ). Moreover, for every σ ∈ X(k), σ × X U is a set of closed points of U whose image in X is σ. Hence (σ * Z σ ) = u∈σ× X U u * Z and (u * Z) x is non zero if and only if u = x, in which case (u * Z) u = Z. Therefore the sequence of stalks is
where v A is the discrete valuation on Q(A) defined by A; this sequence is exact by [8] , II.3.9.
4.2. The short exact sequence (2) induces a long exact sequence ofétale cohomology groups
where we used the fact thatétale cohomology commutes with arbitrary direct sums of sheaves on a quasi-compact Deligne-Mumford stack (see [8] , chapter III, Remark 3.6(d)).
4.3.
Remark. By [8] , III.2.22, there is a short exact sequence in cohomology
obtained from the Weil-divisor exact sequence for C ( [8] , II.3.9).
4.4.
Proposition. Let L be a quasi-algebraically closed field and let G be a finite group of order not divided by the characteristic of L, acting trivially on L. Let F be a sheaf over the quotient stack
is a Galois covering with group G, then we can consider the Hochschild-Serre spectral sequence 
In both cases the sequence degenerates and we get the statement.
Proof. Consider the Leray spectral sequence for the inclusion σ
. Since σ is a closed embedding, the functor σ * is exact ( [8] , II.3.6), hence R q σ * Z σ = 0 for q ≥ 1. Therefore the spectral sequence degenerates and
By Theorem 3.3, σ is a gerbe over Spec k banded by G σ , and recall that such gerbes are classified by H 2 et (Spec k, G σ ), which vanishes since k is algebraically closed. It follows that σ is the trivial G σ -gerbe over Spec k and, by Proposition 4.4,
Proof. Consider the Leray spectral sequence for η
− → X be a geometric point and let f : U → X be anétale morphism from a connected curve, such that x farctors through f . Then η × X U is the generic point η U of U . Therefore
is the field of fractions of O sh U,x and the last equality follows from the fact that Q(O sh U,x ) is quasi-algebraically closed (Theorem 2.5). Hence R q g * G m,η = 0 for q ≥ 1 and
] is the trivial gerbe over Spec K (Proposition 3.5), the statement follows by Proposition 4.4. 4.7. By Lemma 4.5 and Lemma 4.6, the sequence (3) becomes
4.8. Lemma. For every r ≥ 0, the map β (r) in (5) factors as
where β Proof. Let us notice that H 1 (G σ , Z) = Hom(G σ , Z) = 0, since G σ acts trivially on Z and Z does not contain non-trivial finite subgroups. From (4) and (5), we get the following commutative diagram with exact rows (by Remark 3.6, π * G m,C = G m,X and π 
Moreover, the sequence (4) induces exact sequences in cohomology (notice that im β 0 is a free
By snake lemma, we get coker β 
where ker β (r) fits in the following exact sequence
In particular there is a short exact sequence
Proof. By sequence (5), we have short exact sequences
0 , with γ (r) as described in the statement. Applying snake lemma we get coker β (r−1) = coker γ (r−1) and
As noticed in the proof of Lemma 4.8, coker β = Pic(Y ), hence we obtain
where we used that H 1 (G σ , Z) = Hom(G σ , Z) = 0, since G σ acts trivially on Z.
4.11.
Remark. In the case G 0 is abelian and X is a G 0 -gerbe banded over Y , we recover the description of H 1 et (X, G m ) given in [4] , Corollary 3.2.1 (see also Section 5.1). 4.12. Proposition. If G σ is abelian for every σ ∈ X(k) then ker β (r) depends only on Y and G 0 , not on the structure of the gerbe X → Y . In particular (2) . Consider the restriction map res
where G 0 and G σ l act trivially on Z. By Hochschild-Serre spectral sequence ([11], 6.8.2)
and Lemma 2.9, we see that res (r) is surjective. Recall that
where
is induced by composition with the projection G 0 × Z /dlZ → G 0 and the multiplication by
Y . As a consequence ker τ (r) ⊂ ker τ 
which implies ker β (r) = ker β (r)
Y . 4.13. Remark. In general, the groups H ŕ et (X, G m ) depend on the gerbe X → Y ; if the stabilizers are not abelian, also H 2 et (X, G m ) may depend on X → Y (see Section 7). 4.14. Corollary. If G σ is cyclic for every σ ∈ X(k) then, for every r ≥ 1,
and there is a short exact sequence
where Q fits in the following exact sequence
Proof. By Corollary 2.8 and Theorem 2.7, the sequence (5) induces exact sequences for r ≥ 1,
, by Proposition 4.12. Moreover, by Lemma 4.8, the map β (2) factors as
0 is the map induced by β. By Remark 4.9, there is an exact sequence
. By snake lemma, we get the following exact sequence 
